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Abstract. We investigate the factorization of different momentum modes that appear in matrix elements
for exclusive B meson decays into light energetic particles for the specific case of B → π form factors at
large pion recoil. We first integrate out hard modes with virtualities of order m2

b (mb being the heavy
quark mass), and then hard-collinear modes with virtualities mbΛ (Λ being the strong interaction scale).
The resulting effective theory contains soft and collinear fields with virtualities Λ2. We prove a previously
conjectured factorization formula for B → π form factors in the heavy quark limit to all orders in αs, paying
particular attention to ‘endpoint singularities’ that might have appeared in hard spectator interactions.

PACS. 12.39.St Factorization – 13.20.He Decays of bottom mesons

1 Introduction

In recent years considerable progress in the theoretical de-
scription of exclusive B meson decays into light energetic
particles has been achieved. The ‘QCD-factorization ap-
proach’ [1] allows for a systematic computation of short-
distance QCD corrections in the heavy quark limit. It
can also be embedded into the soft-collinear effective field
theory (SCET) framework [2,3,4,5]. Factorization proofs
for this class of B decays are complicated, because two
hard scales, mb and

√
mbΛ, are involved by interactions

with the spectators in the B meson. Simpler exceptions
are the decays B → γ�ν [6,7,8] (where collinear dynamics
is absent at leading power) and B → Dπ [9,10] (where
spectator interactions are absent), for which factorization
proofs to all orders in perturbation theory have been given
in the heavy quark limit.

In this article we focus on the superficially simplest
‘non-trivial’ case, namely the factorization theorem for
B → π form factors:

Fi(q2) = Ci(q2) ξπ(q2) + φB ⊗ Ti(q2) ⊗ φπ

+ power-suppressed terms (1)

proposed in [11]. Here ξπ(q2) denotes a single form factor
independent of the Dirac structure q̄Γib of the weak decay
current. It reflects the approximate large-recoil symmetry
relations for heavy-to-light form factors [12]. Corrections
to these symmetry relations arise from radiative correc-
tions to the decay vertex and hard spectator scattering.
The coefficient functions Ci(q2) and hard-scattering ker-
nels Ti(q2) are calculable perturbatively in αs. In addition,
the factorization formula involves the (non-perturbative,

but process-independent) light-cone distribution amplitu-
des φB and φπ of the B meson and pion.1 The present
status of the factorization theorem (1) is as follows.

• The short-distance functions Ci(q2) and Ti(q2) have
been determined to order αs [11], confirming the structure
of (1).

• In SCET the functions Ci(q2) are interpreted as
operator-matching coefficients, which arise from integra-
ting out hard modes (virtualities of order m2

b) [2]. The
renormalisation group in SCET can be used to sum large
logarithms lnmb.

• The hard-scattering kernels Ti(q2) are obtained by
integrating out hard-collinear modes (see Table 1 below)
that arise from interactions of the external soft and colline-
ar fields, and have virtualities of order mbΛ. In this way
the tree-level expressions for Ti(q2) have been recovered
[15], and the general procedure for a two-step matching
procedure in SCET to all orders in perturbation theory
has been outlined.

A proof of (1) to all orders in αs requires a detailed
analysis of the second matching step, in which hard-col-
linear modes are integrated out perturbatively, since only
then can the problem of convergence of the soft and col-
linear convolution integrals in (1) be addressed. Possible
‘endpoint divergences’ are related to the fact that the re-
sulting operators in the effective theory do not necessarily

1 The first term in (1) resembles the well-known factorization
formula for B → D decays where the form factors factorize
into perturbative coefficient functions and a universal Isgur–
Wise form factor [13]. The second term in (1) is analogous
to the factorization formula for the pion form factor at large
momentum transfer [14].
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Fig. 1. Kinematics for B → π form factor at large recoil

factorize into purely soft or collinear hadronic quantities
in the conventional sense. To prove (1), we have to define
ξπ(q2), and show that the remainder factorizes into con-
ventional distribution amplitudes convoluted with a hard-
scattering kernel Ti(q2), free of endpoint singularities.

In the following we sketch the main steps that lead
to the completion of the factorization proof (for details
see [16]). The effective theory set-up is similar to [15]: we
perform the matching in two steps, onto an effective theory
in which the degrees of freedom are quark and gluon fields
with virtualities of order Λ2. In the rest frame of the B
meson, the initial state consists of only soft modes with all
momentum components of order Λ. The final state pion is
made up only of collinear modes (Fig. 1). Hard and hard-
collinear modes have been integrated out and are encoded
as perturbative coefficient functions multiplying effective
operators. Table 1 summarizes the various modes and the
scaling of the momentum components defined with respect
to two light-cone vectors n± (the pion momentum is pπ =
En−, and for the heavy quark velocity we take v⊥ = 0).
The expansion parameter in the effective theory is λ =√

Λ/mb.2

Table 1. Scaling of momentum modes relevant to B → π form
factors. The entries in brackets denote an alternative termino-
logy, which can be found in the literature

(n+p, p⊥, n−p) terminology (alternative)

(1, 1, 1) hard (hard)
(1, λ, λ2) hard-collinear (collinear)

(λ2, λ2, λ2) soft (ultrasoft)
(1, λ2, λ4) collinear (ultracollinear)

2 Results

We first checked the relevance of the different modes in
Table 1 by considering a toy loop integral with the same
kinematics as in B → π. The expansion of the integral

2 The only objects scaling with an odd power of λ are soft
quark fields and meson states. Because B mesons contain an
even number of soft quark fields, the expansion parameter for
exclusive matrix elements in the effective theory is in fact λ2 =
Λ/mb, but the absolute scaling may be an odd power of λ.

is reproduced by momentum regions along the lines of
[17], including separate hard-collinear and collinear regi-
ons. The collinear integral suffers from an endpoint di-
vergence (not regularized in d dimensions), when the n+k
component of the loop momentum becomes small. This di-
vergence is cancelled by an endpoint divergence in the soft
region, arising from n−k → 0. The relation between end-
point divergences in soft and collinear integrals prevents
the naive factorization of the form factor into light-cone
distribution amplitudes (in which case we could have set
ξπ(q2) in (1) to zero).

Turning to the construction of the effective theory,
we first integrate out hard modes at a factorization scale
µ ∼ mb, and arrive at an effective theory SCET(hc,c,s),
where soft and collinear fields interact by exchange of
hard-collinear modes (heavy quarks only interact with soft
modes). The first step consists of classifying all current
operators in SCET(hc,c,s), which contribute to the lead-
ing-power form factor. To this end we determine the ad-
ditional λ suppression factors in the matrix elements of
SCET(hc,c,s) operators incurred by the necessity to con-
vert hard-collinear fields into collinear and soft fields via
power-suppressed interaction terms. We then find only two
possible structures [4,18]:

C̃ij

( E
mb

,
µ

mb

)
ξ̄hc(0)Γjhv(0), (2)

1
mb

∫
dŝ C̃ ′

ij⊥

(
ŝ,

E
mb

,
µ

mb

)
ξ̄hc/c(0)A⊥

hc(sn+)Γjhv(0),

(3)

where E = (n−v)(n+P )/2, and P is the (collinear) mo-
mentum operator. In the second line the quark field can
be collinear or hard-collinear. We also adopt the gauge
n+Ahc/c = n−As = 0. The gauge transformations that
undo light-cone gauge introduce collinear and soft Wilson
lines into the operators. The projection properties of the
ξ and hv fields imply that Γj = {1, γ5, γ

µ
⊥} is the most ge-

neral Dirac structure. The short-distance coefficients from
integrating out hard modes may depend only on the boost-
invariant and dimensionless ratios E/mb, µ/mb and ŝ =
mbs/(n−v). Note that in SCET(hc,c,s) the operator (3)
is suppressed relative to (2), but both contribute to the
leading-power form factor [15].

We now define the Ci(q2)ξπ(q2) term in (1) as the
matrix element of the operator (2). Since only Γj = 1
does not vanish between 〈π| and |B〉, this defines one
non-perturbative form factor independent of the original
Dirac structure. It remains to show that the second ope-
rator (3) factorizes into light-cone distribution amplitudes
(LCDAs). Although we do not need to further discuss the
operator (2) at this point, we note that if one attemp-
ted to factorize it into LCDAs, the resulting convolution
integrals would be divergent. Furthermore, three-particle
LCDAs of the B meson and pion would appear even at
leading power (as also noted in [19]). We also find that
the matrix element of (2) scales as λ3, which confirms the
well-known scaling of heavy-to-light form factors at large
recoil.
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In the second matching step hard-collinear modes are
integrated out at µ ∼ √

mbΛ. The resulting effective theory
is denoted by SCET(c,s). The following results and argu-
ments are relevant to the factorization proof:

• Soft and collinear fields are decoupled in the relevant
terms of the SCET(c,s) Lagrangian.

• Two-quark operators in SCET(c,s) do not contribute
to the hard-scattering amplitudes Ti(q2), because the col-
linear (soft) fields in the operator must have the same
quantum numbers as the pion (B meson). The relevant
terms in the matching of (3) on SCET(c,s) operators must
therefore contain the fields [ξ̄cξc][q̄shv], and possibly ad-
ditional gluon or quark fields with the correct quantum
numbers.

• Dimensional analysis and boost invariance imply that
the operator (3) matches only onto four quark operators
at leading power,

ξ̄hc/c(0)A⊥
hc(sn+)Γj hv(0)

→
∫

ds′dt C̃ ′′
jk

(
ŝ; ln[µ2s′t], n+Ps′)

× [ξ̄c(s′n+)Γkhv(0)] [q̄s(tn−)Γkξc(0)]. (4)

The right-hand side scales as λ8, implying a contribution
to the form factor at order λ3, which is as large as the
Ci(q2)ξπ(q2) term. We also note that the effective current
(4) must be local in the transverse direction.

• The right-hand side of (4) has the required struc-
ture φB ⊗ Ti(q2) ⊗ φπ after taking the B → π matrix
element, but it remains to show that the convolution in-
tegrals converge (under the assumption of the standard
endpoint behaviour of the LCDAs). Boost invariance im-
plies that the short-distance coefficients C̃ ′′

jk may depend
only logarithmically on the light-cone distance t between
the heavy quark and the soft spectator, and that only the
plus-projection of the B meson light-cone matrix element
appears in (4). After taking the B → π matrix element,
the t-convolution integral is therefore

∫
dt C̃ ′′

jk(ln t) φ̃B
+(t). (5)

This integral converges, given the endpoint behaviour of
the B meson light-cone distribution amplitude φ̃B

+(t) [20].
• It follows that the collinear convolution integrals over

ŝ and s′ also converge. If this were not the case, the colli-
near convolution integral would have to be regulated. The
regulator dependence introduced by the endpoint diver-
gence would have to cancel against a soft endpoint diver-
gence (since the effective theory is assumed to reproduce
the infrared physics correctly). Since there is none, the
collinear convolution integrals must be finite.

This completes the proof of the factorization formula
(1). Both terms in the formula are of order λ3, as far
as heavy quark power counting is concerned. The hard
scattering term is proportional to αs(

√
mbΛ). It is an open

question whether the Ci(q2)ξπ(q2) term is proportional to
1 (as assumed in [2,11,12]), or proportional to αs(

√
mbΛ).

The clarification of this point requires an analysis of large
logarithms in SCET(c,s).

3 Summary and outlook

We have proved the factorization formula (1) for B → π
transition form factors in the heavy quark limit. Attemp-
ting to factorize heavy-to-light form factors along the same
lines as the π → π transition form factor [14], it is found
that three-particle Fock states of the B meson and the
pion contribute at leading power, and that the convolution
integrals are in general ill-defined. We have shown that all
this is part of a single form factor ξπ(q2), while the remai-
ning contributions can be factorized in the standard way.
This confirms the factorization conjecture of [11] and com-
pletes the factorization argument of [15]. Our result gene-
ralizes to other heavy-to-light form factors (B → ρ etc.).
We remark that in the case of the B → γ form factor,
the endpoint divergences and ‘non-factorizable’ contribu-
tions only appear at subleading order in the heavy quark
expansion, when the hadronic structure of the photon is
resolved. Our framework can also be adapted to situa-
tions with two collinear directions, such as for the pion
electromagnetic form factor at large momentum transfer.
For details we refer to a forthcoming paper [16].
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